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Initial partonic eccentricities in Au+Au collisions at center-of-mass energy
√
sNN = 200 GeV
are investigated using a multi-phase transport model with string melting scenario. The initial
eccentricities in different order of harmonics are studied using participant and cumulant definitions.
Eccentricity in terms of second-, fourth- and sixth order cumulants as a function of number of
participant nucleons are compared systematically with the traditional participant definition. The
ratio of the cumulant eccentricities ε {4} /ε {2} and ε {6} /ε {4} are studied in comparison with the
ratio of the corresponding flow harmonics. The conversion coefficients (vn/εn) are explored up to
fourth order harmonic based on cumulant method. Furthermore, studies on transverse momentum
(pT ) and pseudo-rapidity (η) dependencies of eccentricities and their fluctuations are presented.
As in ideal hydrodynamics initial eccentricities are expected to be closely related to the final flow
harmonics in relativistic heavy-ion collisions, studies of the fluctuating initial condition in the AMPT
model will shed light on the tomography properties of the initial source geometry.
PACS numbers: 25.75.-q
I. INTRODUCTION
In ultra-high energy heavy-ion collisions, the pressure
gradients in the overlap zone is large enough to trans-
late the initial coordinate space anisotropy to the final
state momentum space anisotropy which can be experi-
mentally observed as anisotropic flow. Anisotropic flow
as a typical collective behavior of emitted particles has
been proved to be a good observable to study the new
matter in relativistic heavy-ion collisions providing infor-
mation on equation-of-state and the transport properties
of the matter created [1, 2]. One of the most striking
experimental results ever obtained in relativistic heavy-
ion collisions is the strong elliptic flow (v2). The fluid-
like behavior of matter created in the early stage leads
to the conclusion that the quark gluon plasma is like a
nearly perfect liquid [3–8]. Due to the fluid-like proper-
ties of elliptic flow v2, hydrodynamic models have been
widely used to make predictions and it was suggested
that the final state anisotropy inherits information from
initial state and carries additional information of the sys-
tem evolution [9–11]. Thus, measurement of elliptic flow
coefficient v2 provides essential information about the hot
and dense matter created in relativistic heavy-ion colli-
sions.
Besides the elliptic flow v2 measurement, higher-order
harmonic flow coefficients defined as vn (n = 3,4,5) drawn
much more attention in both experiment and model stud-
ies in recent years as higher harmonics are suggested
to be sensitive to the initial partonic dynamics [12–17].
The importance of fluctuations was firstly realized in
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the simulations with a multi-phase transport (AMPT)
model, showing that the fluctuating initial source ge-
ometry transfers to the final momentum space during
the system expansion leading to non-zero higher odd or-
der harmonic flow coefficients [18]. It was also realized
that higher harmonics like triangular flow v3 is particu-
larly sensitive not only to the initial condition but also
to the shear viscosity η/s which reflects the properties
of the source in the early stage [19, 20]. Studies also
suggest that the elliptic flow and higher harmonic flow
fluctuations on the event-by-event basis elucidate both
the system dynamics and new phenomena occuring in
the very beginning of collisions [21–23]. Experimental
measurements on an event-by-event basis were done for
the elliptic flow v2 fluctuation study in Au+Au collisions
at
√
sNN = 200 GeV in PHOBOS and STAR experi-
ments [24–27]. It suggests that the close correlation be-
tween anisotropic flow fluctuation and the fluctuations
of the initial source geometry carry important informa-
tion of the viscosity and other properties of the matter
created in heavy-ion collisions [28, 29].
Significant attention has been paid to the studies of
initial geometry fluctuation effect on the final flow ob-
servables [30–34]. The essential role of the collision geom-
etry was realized when one looks into the flow harmonics
of different collision systems scaled by initial eccentrici-
ties [35]. Phenomena observed strongly suggest that the
partonic participant eccentricity is responsible for the de-
velopment of the final anisotropic flow. Higher order ec-
centricities are also suggested closely related to the final
higher order harmionic flow. The triangular flow (v3) and
higher harmonics are suggested arise from event-by-event
initial fluctuations which lead to finite value even in most
central collisions. Thus, the study of initial eccentricity
and fluctuation is crucial for understanding of final flow
and flow fluctuation [36, 37]. Therefore, the study of the
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2event-by-event flow response to the initial eccentricity in
model simulation is important for a quantitative study of
the source evolution properties in relativistic heavy-ion
collisions.
In this paper, we present specific discussion on source
eccentricity and their fluctuation properties in the initial
partonic stage of the high energy heavy-ion collision us-
ing a multi-phase transport (AMPT) model. Systematic
comparisons are made between cumulant eccentrities and
participant eccentrities. Centrality, pseudo-rapidity and
transverse momentum dependences of higher order har-
monics are studied in model simulations providing tomo-
graphic pictures of the source profile. The results are ex-
pected to give additional constraints on the initial source
condition. This paper is organized as follows: In Sec.
II, a multi-phase transport (AMPT) model is introduced
briefly. In Sec. III. results and discussions are presented.
Last section is a brief summary.
II. BRIEF DESCRIPTION OF AMPT MODEL
A multi-phase transport model (AMPT) [38] is an use-
ful model for investigating reaction dynamics in relativis-
tic heavy-ion collision. There are two versions with differ-
ent scenarios - the default version and the string melting
version both of which consist of four main components:
the initial condition, partonic interactions, hadroniza-
tion, and hadronic interactions.
In the initial stage, the phase space distributions of
minijet partons and soft string excitations are included
which come from the Heavy Ion Jet Interaction Gener-
ator (HIJING) model [39]. Multiple scatterings lead to
fluctuations in local parton number density and hot spots
from both soft and hard interactions which are propor-
tional to local transverse density of participant nucleons.
In AMPT string melting version, both excited strings and
minijet partons are decomposed into partons. Scatter-
ings among partons are then treated according to a par-
ton cascade model - Zhang’s parton cascade (ZPC) model
which includes parton-parton elastic scattering with cross
sections obtained from the theory calculations [40]. Af-
ter partons stop interacting with each other, a simple
quark coalescence model is used to combine partons into
hadrons. Partonic matter is then turned into hadronic
matter and the subsequential hadronic interactions are
modelled using a relativistic transport model (ART) in-
cluding both elastic and inelastic scattering descriptions
for baryon-baryon, baryon-meson and meson-meson in-
teractions [41].
In the ZPC parton cascade model, the differential scat-
tering cross section for partons is defined as:
dσp
dt
=
9piα2s
2
(1 +
µ2
s
)
1
(t− µ2)2 , (1)
where αs = 0.47 is the strong coupling constant, s and t
are the usual Mandelstam variables and µ is the screen-
ing mass in partonic matter. Studies show that a mul-
tiphase transport model with a string melting scenario
gives better description of experimental measurements
of anisotropic flow harmonics. With properly choos-
ing parton scattering cross section, data on harmonic
flow of charged hadrons measured from experiments for
Au+Au collisions at 200GeV can be approximately re-
produced [16]. Recent studies also showed that by chang-
ing input parameters, AMPT could quantitatively de-
scribe the centrality dependence of elliptic flow and tri-
angular flow in Au + Au [42] as well as the vector mesons
in p + p and d + Au systems [43, 44].
In this work, we use AMPT string melting version to
simulate Au+Au collisions. Our default sample of simu-
lated events for Au+Au collisions at the center-of-mass
energy of 200 GeV are generated with a parton cross
section of 3mb. But we will compare 3 mb with 10 mb
when we study the effect of parton cross section. We
make a description of Au+Au collision at 200GeV with
AMPT by using parameter set: a=2.2, b=0.5 (GeV−2)
in the Lund string fragmentation function as shown in
Ref. [45]. Particularly, the hadronic scattering effect and
resonance decay effect on the harmonic flow evolution are
both taken into account in the model simulation.
Table. I shows different centrality classes divided for
the simulation samples. The mean number of participant
nucleons and corresponding impact parameter for each
centrality bin are also shown in the table. In this paper,
centrality dependence of all kinds of observables can be
measured as a function of mean number of participant
nucleons.
TABLE I: Centrality classes of AMPT events in Au+Au
collisions at
√
sNN = 200 GeV.
Centrality Impact Parameter Range
(fm)
〈Npart〉
0% - 10% 0.00 - 4.42 345.8±0.1
10% - 20% 4.42 - 6.25 263.5±0.1
20% - 30% 6.25 - 7.65 198.2±0.0
30% - 40% 7.65 - 8.83 146.8±0.1
40% - 50% 8.83 - 9.88 106.1±0.0
50% - 60% 9.88 - 10.82 73.8±0.1
60% - 70% 10.82 - 11.68 48.8±0.2
III. RESULTS AND DISCUSSION
A. Initial eccentricity and eccentricity fluctuation
in partonic stage of AMPT model
Experimental measurements of flow coefficients vn
could be affected by event-by-event fluctuations in the
initial geometry. Considering the event-by-event fluctu-
ation effect, harmonic flow vn was proposed to calcu-
late with respect to the participant plane angle ψn {part}
under participant coordinate system instead of the tra-
ditional reaction plane angle ψRP in the model simula-
3tion [46]. The above method for the calculation of vn is
referred to as participant plane method which has been
widely used for flow calculations in different models [31].
The participant plane is defined as
ψn {part} = 1
n
[
arctan
〈rn sin(nϕ)〉
〈rn cos(nϕ)〉 + pi
]
, (2)
where n denotes the nth-order participant plane, r and
ϕ are the position and azimuthal angle of each parton in
AMPT initial stage and the average 〈· · · 〉 denotes den-
sity weighted average. Harmonic flow coefficients with
respect to the participant plane are defined as
vn {part} = 〈cos[n(φ− ψn {part})]〉 , (3)
where φ is azimuthal angle of final particle, and the av-
erage 〈· · · 〉 denotes particle average.
Similar to the harmonic flow coefficient, different defi-
nitions of the initial anisotropy coefficients are described
in Ref. [47]. The one referred to as ”participant eccen-
tricity” which characterizes the initial state through the
event-by-event distribution of the participant nucleons or
partons has been found to be crucial for understanding
the initial properties [35]. The participant eccentricity
for initial elliptic anisotropy is given by
ε2 {part} =
√
(σ2y − σ2x)2 + 4(σxy)2
σ2y + σ
2
x
, (4)
where σx,σy,σxy ,are the event-by-event variances of the
participant nucleon or parton distributions along the
transverse directions x and y. When transforming the
coordinate system to the center-of-mass frame of the par-
ticipating nucleons, a genelrized definition of εn {part}
n-th order participant eccentricities is in the form [48]
εn {part} =
√
〈rn cos(nϕ)〉2 + 〈rn sin(nϕ)〉2
〈rn〉 , (5)
where r and ϕ are the same definitions as for partici-
pant plane. Such definition does not make reference to
the direction of the impact parameter vector and instead
characterizes the eccentricity through the distribution of
participant nucleons or partons which naturally contains
event-by-event fluctuation effect. We simply take this as
participant definition or participant method.
As indicated by Ref. [49, 50], under the assumption
that v2 from participant plane method v2 {part} is pro-
portional to ε2 {part}, scaling properties are expected to
hold for even higher harmonics. Similar to flow harmon-
ics, it is proposed that initial eccentricity can be quan-
tified by cumulants of εn {part} [47]. The definitions of
second, fourth, sixth order cumulant of εn {part} are in
the form
cεn{part} {2} =
〈
ε2n {part}
〉
,
cεn{part} {4} =
〈
ε4n {part}
〉− 2 〈ε2n {part}〉2 ,
cεn{part} {6} =
〈
ε6n {part}
〉− 9 〈ε2n {part}〉 〈ε4n {part}〉
+ 12
〈
ε2n {part}
〉3
.
(6)
For the definitions (6), the cumulant definitions here
follow the regular way of cumulant flow definitions for
two, four and six particle azimuthal correlations as in
Ref. [30]. The corresponding eccentricities defined by
cumulants are written as
εRCn {2} =
√
cεn{part} {2},
εRCn {4} = (−cεn{part} {4})1/4,
εRCn {6} = (cεn{part} {6} /4)1/6.
(7)
Here, we use superscript ”RC” to denote the defini-
tion of the regular cumulant commonly used in many
studies [27, 31]. Experimentally, as the initial state
in heavy-ion collisions is not accessible, the participant
plane method is not applicable. Instead, particle corre-
lation method was proposed for flow study via measure-
ment of correlation of final particles without assumimg
a certain participant plane. In recent years, a multi-
particle cumulants method called Q-cumulant or direct
cumulant method was proposed and widely used in both
model and experimental studies [23, 31, 51–53]. This
method uses the Q-vector to calculate directly the mul-
tiparticle cumulants. The Q-vector is defined as
Qn =
M∑
i=1
einφi , (8)
where φi is the azimuthal angle in the momentum space
of the final particles. The derivation of the expressions for
higher order cumulants is straightforward and the two-,
four- and six- particle cumulants can be written as
〈2〉 = 〈ein(φ1−φ2)〉 = |Qn|
2 −M
M(M − 1) ,
〈4〉 = 〈ein(φ1+φ2−φ3−φ4)〉
= [|Qn|4 + |Q2n|2 − 2Re[Q2nQ∗nQ∗n]− 2[2(M − 2)|Qn|2
−M(M − 3)]]/[M(M − 1)(M − 2)(M − 3)],
〈6〉 = 〈ein(φ1+φ2+φ3−φ4−φ5−φ6)〉
= [|Qn|6 + 9|Q2n|2|Qn|2 − 6Re(Q2nQnQ∗nQ∗nQ∗n)
+ 4Re(Q3nQ
∗
nQ
∗
nQ
∗
n)− 12Re(Q3nQ∗2nQ∗n) + 18(M − 4)
Re(Q2nQ
∗
nQ
∗
n) + 4|Q3n|2 − 9(M − 4)(|Qn|4 + |Q2n|2)
+ 18(M − 2)(M − 5)|Qn|2 − 6M(M − 4)(M − 5)]
/[M(M − 1)(M − 2)(M − 3)(M − 4)(M − 5)]
(9)
4Then, the second- and fourth-order cumulants on event
average can be given by:
cn {2} = 〈〈2〉〉,
cn {4} = 〈〈4〉〉 − 2〈〈2〉〉2,
cn {6} = 〈〈6〉〉 − 9〈〈2〉〉〈〈4〉〉+ 12〈〈2〉〉3,
(10)
where the double brackets denote weighted average of
multi-particle correlations. The weights are the total
number of combinations from two-, four-, or six-particle
correlations, respectively. For flow coefficient with 2-
particle cumulant, in order to suppress non-flow from
short range correlations, we divide the whole event into
two sub-events A and B separated by a pseudo-rapidity
gap of 0.3. Then, 〈2〉 in Eq.9 is modified to be
〈2〉∆η = Q
A
n ·QBn
MA ·MB , (11)
where QA and QB are the flow vectors from sub-event A
and B, with MA and MB the corresponding multiplici-
ties.
Then, the harmonic flow vn can be estimated via cu-
mulants (n = 2,3,4..):
vn {2} =
√
cn {2},
vn {4} = 4
√
−cn {4},
vn {6} = 6
√
cn {6} /4
(12)
Estimations of differential flow (for second- and fourth-
order cumulants) can be expressed as:
v
′
n {2} =
dn {2}√
cn {2}
, v
′
n {4} =
dn {4}
−cn {4}3/4
(13)
where the dn {2} and dn {4} are the two- and four-
particle differential cumulants as defined in Ref. [51].
Cumulant method has been applied very successfully
in the studies of harmonic flow coefficients and initial
eccentricity in heavy-ion collisions [30, 54]. It can be
extended to the study of initial-state eccentricity fluctu-
ation which can be in a similar way as flow fluctuation
study with cumulant method. The relative fluctuation of
εn in cumulant definition can be written as
Rεn =
√
ε2n {2} − ε2n {4}
ε2n {2}+ ε2n {4}
. (14)
It has been argued that the magnitudes and trends
of the eccentricities εn imply specifically testable pre-
dictions for the magnitude and centrality dependence of
flow harmonics vn [55]. We make a comparison of ec-
centricities in both cumulant and participant definitions
as a function of mean number of participant nucleons
Npart. Upper panels of Figure 1 show Npart dependence
of two- , four- and six particle cumulant eccentricity
εn {2}, εn {4}, εn {6} and also the participant eccentric-
ity εn {part} for different harmonics in Au+Au collision
at 200 GeV in the AMPT model. Cumulant eccentrici-
ties are defined with regular method (εRC) from multi-
particle correlation of the initial partons in the AMPT
initial stage. It is found that εn {part} (n=2,3,4) are
quantitatively smaller than εn {2} and larger than εn {k}
(k=4,6) over the whole centrality range. εn from differ-
ent definitions show similar trend as a function of mean
number of participant nucleons.
In the lower panel of Figure 1, we plot the relative
fluctuations of initial partonic eccentricities in different
orders of harmonics as a function of Npart. In compari-
son, fluctuation of elliptic eccentricity from regular cumu-
lant definition exhibits clear dependence on the central-
ity while higher order eccentricity fluctuations show lit-
tle centrality dependence. Fluctuations of eccentricities
RεRCn (n=2,3,4) are systematically larger for central col-
lisions than non-central collisions. For higher order har-
monics, fluctuations RεRCn (n=3,4) are larger than RεRC2
for mid-central or peripheral collisions but comparable in
magnitude for central collisions.
It has been shown that the relative magnitude of vn {2}
and vn {4} depends on the fluctuations of vn. Assuming
that vn is proportional to εn on an event-by-event basis,
the following equation holds for higher orders (n=2,3,4)
vn {4}
vn {2} =
εn {4}
εn {2} = (2−
〈ε4n〉
〈ε2n〉2
)−1. (15)
Fluctuations of vn are supposed to stem from the fluc-
tuations of εn [56]. Figure 2 displays ratios of cumulant
eccentricities up to the fourth order in the AMPT model
using regular cumulant method. εn {4} /εn {2} shows
a smooth decreasing trend from peripheral collisions to
central collisions. The ratio is smaller than unity as ex-
pected due to the definition. The smaller eccentricity
fluctuation, the closer the ratio to unity. vn {4} /vn {2}
from AMPT and experimental flow measurements based
on Q-cumulant which scale like the corresponding ratios
of eccentricity cumulants are shown in comparison. It is
found ε2 {4} /ε2 {2} are roughly equal to the ratio of the
flow harmonic v2 {4} /v2 {2} for non-peripheral collisions.
Ratios of six-particle cumulant to four-particle cumulant
ε2 {6} /ε2 {4} is roughly equal to unity without seen any
centrality dependence which is in consistent with the ra-
tio of the flow harmonic v2 {6} /v2 {4} ∼ 1. Ratio of
higher order harmonics εn {4} /εn {2} and εn {6} /εn {4}
(n=3,4) are also shown providing additional constraints
on the predictions of the ratio of the cumulant flow. Fur-
ther experimental study of the ratio between cumulant
flow harmonics may give access to the initial profile as-
summing the proportional relation between initial and
final anistropies [57, 58].
Recent theoretical works show increasing interests in
longitudinal features of the source created by relativistic
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FIG. 1: (Color online) Initial partonic eccentricity εn (n=2,3,4) and their relative fluctuations defined by participant and
regular cumulant methods as a function of mean number of participant nucleons Npart. Eccentricities εn {2}, εn {4} and εn {6}
defined based on Eq.(7) are denoted as εRCn {k}(k=2,4,6). Upper panels: Initial partonic eccentricity εn in different orders of
harmonics. Lower panels: Relative fluctuations of eccentricities in different orders of harmonics defined by Eq.(14).
heavy-ion collisions [59–62]. A model simulation shows
that initial-state longitudinal fluctuations for second and
third order harmonis survive the collective expansion re-
sulting in a forward-backward asymmetry which propa-
gate to the final stage during the source evolution [63].
Experimentally, flow measurements have been extended
to study the longitudinal behaviour of flow harmon-
ics [64, 65]. Due to the close relation between initial
geometry and final flow harmonics, a systematic study
of the longitudinal profile of the source is crucial for the
understanding of the source evolution.
We perform here an investigation on the pseudo-
rapidity η dependence of εn in the AMPT partonic stage
of Au+Au collisions at 200 GeV. In the upper panels of
Figure 3, εn {part} are shown as a function of pseudo-
rapidity η for three different centrality classes, where
two- and four- particle cumulant εn defined by Eq.(7) are
plotted in additional to the participant εn {part}. Par-
ticipant and cumulant eccentricity show almost the same
trend as a function of η. Comparing to the results of
flow fluctuation in the AMPT calculations as shown in
previous study [23], ε2(η) is in a similar trend to v2(η) at
the same centrality. ε3(η) or ε4(η) shows little η depen-
dence which is quite different from corresponding flow
harmonic v3(η) or v4(η). One possible cause might be
from the partonic evolution process, but more investiga-
tions are needed for the final conclusion. As seen in the
lower pannel of Fig.3, relative fluctuation of the partic-
ipant eccentricity from regular cumulant definition Rεn
(n=2,3,4) show symmetric profile as a function of pseudo-
rapidity with tiny η dependence for higher order harmon-
ics (n≥3) which is quite similar to the flow fluctuation.
As pseudo-rapidity dependences of initial eccentricities
reflect the longitudinal features of the created partonic
matter, systematic comparison between eccentricity in
model simulation and flow harmonic and their fluctua-
tion properties in experiments are necessary to provide
a valuable information for comprehensive understanding
of the created source.
Besides investigating pseudo-rapidity(η) dependence
of eccentricity, it is also important to check the trans-
verse momentum (pT ) dependence of initial eccentric-
ity in a similar way as flow harmonics, since flow har-
monics stemed from the initial stage are expected to in-
herit mostly the pT dependences of the initial partonic
anisotropies [66]. Recent study suggests that initial hard
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FIG. 2: (Color online) Cumulant ratios εn {4} /εn {2} and εn {6} /εn {4} (n=2,3,4) as a function of Npart. The eccentricities
are defined with regular cumulant method form Eq.7 (denote as RC). Upper panels: Cumulants ratio εn {4} /εn {2} versus
Npart. Results of vn {4} /vn {2} from both experiment measurement with Q-cumulant method and AMPT are also shown for
comparison. Lower panels: Cumulants ratio εn {6} /εn {4} versus Npart from cumulant definitions.
partons play an important role in the final harmonic flow
formation [67]. pT tomographic study of the initial eccen-
tricity is of great importance to check the anisotropy gen-
eration and afterburner development. In AMPT model,
initial partons decomposed from excited strings and mini-
jet partons carry all the phase space information provid-
ing ideal conditions for study of source properties [68].
Figure 4 shows initial partonic eccentricities and their
fluctuations as a function of transverse momentum pT for
three selected centrality classes. Similar pT dependences
are for n=2, 3 and 4, i.e. initial eccentricity increases as
a function of parton transverse momentum. A general
inceasing trend can be observed for all the harmonics
suggesting that higher pT partons contribute largely to
the initial geometry anisotropy. The relative fluctuation
of εn (Rεn {pT }) from regular cumulant definitions are
seen to be smooth decreasing trend. Rε2 at low pT re-
gion is quite flatten which is quite similar to elliptic flow
fluctuation. But, a deviation trend from flow fluctua-
tion can be observed at higher pT . Higher order εn(n≥3)
fluctuations show monotonic decreasing trend at high pT .
Direct comparison between initial eccentricity fluctuation
and final flow fluctuation as a function of pT or η may
not be straightforward as partonic multi-scattering and
final hadronic re-scattering after hadron freeze-out might
bring in some substantial effects on the anisotropy devel-
opment. Nevertheless, our results suggest that initial εn
fluctuation as a function of transverse momentum pT or
pseudo-rapidity η provides additional information of the
source evolution. Further study on not only the pseudo-
rapidity or transverse momentum dependence of εn but
also correlations between quantities at different trans-
verse momentum or rapidity bins with AMPT model sim-
ulation will provide comprehensive understanding for the
source anisotropy as motivated by studies [60, 69].
B. Harmonic flow response to the initial
eccentricity in the AMPT model
In ideal hydrodynamics, a linear correlation is pre-
dicted between initial source geometric anisotropy and
final flow of hadrons. In the past few years, impressive
progresses have been made in studying flow response to
the initial stage [7, 48, 70]. We understand that ellip-
tic flow v2 and triangular flow v3 are driven mainly by
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based on Eq.(14). Upper panel: εn versus η defined by participant and cumulant method. Lower panel: εn fluctuation up to
the fourth order as a function of η. Results are shown for three selected centrality classes in Au+Au collisions at
√
sNN = 200
GeV.
the linear response to the initially produced fireball. For
higher order harmonics, due to non-linear responses, the
conversion of the initial geometry to the final flow be-
comes much more complicated which need to consider
combinatorial contributions from different order of ec-
centricity harmionics as suggested by realistic simulation
study [71]. Taking the ratio vn/εn as the conversion co-
efficient from the initial eccentricity to the final flow, we
further studied the ratio vn {k} /εn {k}(k=4,6) with cu-
mulant method and compared with results from partici-
pant method. In Figure 5, we plot the conversion coef-
ficient vn/εn(n=2,3) as a function of number of partici-
pant nucleons Npart. vn {k} /εn {k} (k≥2) are based on
cumulant definition Eq.(7). Experimental measurements
of v2 {2} /ε2 {2} and v2 {4} /ε2 {4} with elliptic flow v2
measured with Q-cumulant method where ε2 with reg-
ular cumulant method based on MC-Glauber model are
shown for comparison.
In the similar way as in experimental measure-
ments, when v2 {k}(k=2,4) scaled with cumulant
ε2 {k}(k=2,4), AMPT well reproduces the experimental
results. The conversion coefficient from participant defi-
nition v2 {part} /ε2 {part} follows similar trend as cumu-
lant v2 {k} /ε2 {k}(k=2,4,6). The trend of vn/εn shows
the hierarchy that v2 {2} /ε2 {2} is systematically higher
than higher order cumulant v2 {k} /ε2 {k}(k=4,6) over
the whole centrality region. Further specific study of the
conversion coefficient of the initial profile with consider-
ing linear and non-linear hydrodynamic responses is ex-
pected to provide more qualitative descriptions [71, 72].
Recent studies suggest that hard probes like jet are
prospective for tomographic study of initial source pro-
file and harmonic fluctuations in the initial states [73–75].
Motivated by this idea, we study final hadron flow re-
sponses to the initial parton eccentricity as a function of
transverse momentum pT . Figure 6 shows pT dependence
of the coefficient vn/εn from both cumulant method and
participant method. We can see that vn(pT )/εn gener-
ally show an increasing trend as a function of pT . For
both cumulant and participant vn/εn, one can see that
the conversion efficiency tends to be larger at higher pT .
Centrality dependence of the vn(pT )/εn is presented by
investigating three centrality classes from central to pe-
ripheral collision. More simulation data is needed to
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FIG. 4: (Color online) Eccentricity coefficients εn(n=2,3,4) defined with cumulant and participant method as a function of
transverse momentum (pT ) for the AMPT initial condition. Upper panels: εn defined by participant and regular cumulants as
a functions of pT . Lower panels: εn (n≥2) fluctuations as a functions of pT , where εn fluctuation is defined by Eq.(14). Results
are shown for three different centrality classes in Au+Au collisions at
√
sNN = 200 GeV.
extend to even higher pT region to study hard jet re-
sponse. In additional to the study of pT dependence,
the pseudo-rapidity η dependence of vn/εn (n=2,3) are
also studied by looking into the ratio of vn(η) to εn(η) at
corresponding rapidity region. The flow response to the
initial eccentricity in the longitudinal direction are stud-
ied. Results of vn(η)/εn(η) are shown in Fig.7 with sym-
metric shape observed. Both vn(η)/εn(η)(n=2,3) from
both participant definition and regular cumulant defini-
tion are found quite similar to the distribution of corre-
sponding vn(η) which shows slight η dependence. Cumu-
lant vn(η)/εn(η)(n=2,3) shows weaker η dependence in
comparison with participant vn(η)/εn(η)(n=2,3) which
suggests the proportionality between εn at fixed spatial
rapidity and vn at fixed pseudorapidity changes little in
the longitudinal direction.
C. Partonic effect on the eccentricity and
eccentricity fluctuation
The parton scattering cross section in the AMPT
model has shown considerable influence on the magni-
tude of the flow coefficients [15]. It is important to in-
vestigate the effect on eccentricity and eccentricity fluc-
tuation in the partonic stage since it may shed light on
the evolution dynamics of the source in heavy-ion colli-
sion. Figure 8 upper pannel shows the source participant
eccentricity before (denote as initial) and after (denote
as final) partonic scatterings for different orders of har-
monic as a function of mean value of participant nucleons
for partons in Au+Au collisions from the AMPT simula-
tions. Parton scattering cross sections were selected as 3
mb and 10 mb. It indicates that partonic scattering sig-
nificantly reduces eccentricity commonly for all the order
of harmonics. We find for non-central collsions the larger
partonic cross section, the smaller final εn after partonic
scattering but for central collisions partonic scattering
cross section makes little effect on the source eccentricity
εn.
Relative fluctuation of participant εn {part} -
Rεpartn (n≥2) are shown in the lower pannels of Figure 8,
where we give the comparison of fluctuation Rεpartn
before and after partonic scatterings with two different
partonic cross sections. Partonic scattering dramatically
increases fluctuation of εn {part} for different order of
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FIG. 5: (Color online) Conversion coefficient vn/εn(n=2,3) and their fluctuation as a function of Npart. vn {part} /εn {part}
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harmonics. Experimental measurements of higher order
flow fluctuations with cumulant method will be prospec-
tive for quantitatively understanding of development of
anisotropy fluctuation from initial partonic stage to the
final hadronic stage.
IV. SUMMARY
In summary, in the framework of a multi-phase trans-
port model (AMPT), initial partonic eccentricity and ec-
centricity fluctuations are studied up to sixth order of
harmonic by means of traditional participant method
and multi-particle cumulant method in Au+Au collisions
at center-of-mass energy of 200 GeV. Eccentricities εn
and fluctuations Rεn defined with participant method
and regular cumulant method are studied and compared
systematically. Eccentricity fluctuation shows a simi-
lar picture as flow fluctuation which confirms the close
relationship between initial eccentricity harmonics and
final flow harmonics. Flow responses are investigated
by the ratio vn/εn as a function of number of partici-
pant nucleons (Npart), transverse momentum (pT ) and
pseudo-rapidity(η) for a tomographic study of the con-
version properties. Relative fluctuations of εn defined
by cumulants as a function of transverse momentum and
pseudo-rapidity are also studied specifically for the trans-
verse and longitudinal features of the created source. εn
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fluctuation versus pT and η show similar trends as cor-
responding flow harmonic and flow fluctuation measured
experimentally. Higher harmonic eccentricity fluctuation
studies are expected to give further constraint to higher
order harmonic flow studies.
Similar to anisotropic flow measurements which have
been proved to be sensitive to the shape and shape fluc-
tuation of the initial overlap zone, direct measurements
of eccentricity fluctuations could lead to a better un-
derstanding of the initial source conditions. Through
the comparison of the AMPT model simulation results
with experimental measurements, we found that elliptic-
ity and triangularity as well as higher harmonic initial
anisotropies show similar behaviours as final flow har-
monics both in the transverse and longitudinal direc-
tions. As event-by-event fluctuations are crucial to the
current understanding of relativistic heavy-ion collision,
the study on physics origin of how fluctuations of flow
harmonics stems from the early stage of collision will be
of great importance. The AMPT model simulations pro-
vide a promising way of studying initial partonic state.
Future experimental study of anisotropic flow harmon-
ics with extended pT region and η region can provide
further constrain on the initial source profile. We also
expect studies on the initial fluctuations in smaller sys-
tem like p+Au, d+Au or 3He+Au especially fluctuation
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properties in the longitudinal direction can bring comple-
mentary information of the source evolution mechanisms.
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